Introduction
A subset B of a group G is called a difference basis for a subset A ⊂ G if each element a ∈ A can be written as a = xy −1 for some x, y ∈ B. The smallest cardinality of a difference basis for A is called the difference size of In this paper we are interested in evaluating the difference characteristics of finite Abelian groups. In fact, this problem has been studied in the literature. A fundamental result in this area is due to Kozma and Lev [8] , who proved (using the classification of finite simple groups) that each finite group G has difference characteristic ð[G] ≤ For a real number x we put ⌈x⌉ = min{n ∈ Z : n ≥ x} and ⌊x⌋ = max{n ∈ Z : n ≤ x}.
The following proposition is proved in [1, 1.1].
Proposition 2.2. Let G be a finite group. Then In this theorem by D 2n we denote the dihedral group of cardinality 2n and by Q 8 the 8-element group of quaternion units. In [1] the difference size ∆ [G] was calculated for all groups G of cardinality |G| ≤ 13. Table 1 . Difference sizes of groups of order ≤ 13 G: n=1 was studied by Rédei and Rényi [10] , Leech [7] and Golay [6] who eventually proved that
In [2] the difference sizes of the order-intervals [1, n] ∩ Z were applied to give upper bounds for the difference sizes of finite cyclic groups. Proposition 2.4. For every n ∈ N we get the upper bound
The following facts on the difference sizes of cyclic groups were proved in [2] .
Theorem 2.5 (Banakh, Gavrylkiv). For any n ∈ N the cyclic group C n has the difference characteristic:
if n ≥ 9 and n = 292;
For some special numbers n we have more precise upper bounds for ∆[C n ]. We recall that a number q is a prime power if q = p k for some prime number p and some k ∈ N. The following theorem was derived in [2] from the classical results of Singer [13] , Bose, Chowla [4] , [5] and Rusza [12] . Theorem 2.6. Let p be a prime number and q be a prime power. Then
The following table of difference sizes of cyclic groups C n for ≤ 100 is taken from [2] . Table 2 . Difference sizes and characteristics of cyclic groups C n for n ≤ 100 In this section we prove a simple lower bound for the difference size of an arbitrary finite set in a group. This lower bound improves the lower bound given in Proposition 2.2(1). For a group G by 1 G we denote the unique idempotent of G.
Theorem 3.1. Each finite subset A of a group G has difference size
where
Proof. Take a difference basis B ⊂ G for the set A of cardinality |B| = ∆[A] and consider the map ξ :
Observe that for the unit 1 G of the group G the preimage ξ −1 (1 G ) coincides with the diagonal {(x, y) ∈ B × B : x = y} of the square B × B and hence has cardinality |ξ −1 (e)| = |B|. Observe also that for any element g ∈ A 2 = {a ∈ A : a −1 = a = 1 G } and any (x, y) ∈ ξ −1 (g), we get yx
and hence
, where G 2 = {g ∈ G : g −1 = g = 1 G } is the set of elements of order 2 in G.
The subadditivity and submultiplicativity of the difference size
In this section we prove two properties of the difference size called the subadditivity and the submultiplicativity. 
Proof. Given a non-empty finite subset A ⊂ H, find a difference basis D A for the set A of cardinality
and
Difference bases in rings
In this section we construct difference bases for subsets of finite rings. All rings considered in this section have the unit. For a ring R by U (R) we denote the multiplicative group of invertible elements in R. An element x of a ring R is called invertible if there exists an element x −1 ∈ R such that xx −1 = x −1 x = 1. The group U (R) is called the group of units of the ring R.
The characteristic of a finite ring R is the smallest natural number n such that nx = 0 for every x ∈ R. A non-empty subset I of a ring R is called an ideal in R if I = R, I − I ⊂ I and IR ∪ RI ⊂ I. The spectrum Spec(R) of a ring is the set of all maximal ideals of R. For any maximal ideal I of a commutative ring R the quotient ring R/I is a field.
A ring R is called local if it contains a unique maximal ideal, which is denoted by I m . The quotient ring R/I m is a field called the residue field of the local ring R.
By [3, Ch.6] , for every prime number p and natural numbers k, r there exists a unique local ring GR(p k , r) called the Galois ring of characteristic p k whose additive group is isomorphic to the group (C p k ) r , the maximal ideal I m coincides with the principal ideal pR generated by p · 1 and whose residue field GR(p k , r) contains p r elements. The Galois ring GR(p k , r) can be constructed as the quotient ring Z[x]/(p k , f (x)) of the ring Z[x] of polynomials with integer coefficients by the ideal (p k , f (x)) generated by the constant p k and a carefully selected monic polynomial f ∈ Z[x] of degree r, which is irreducible over the field Z/pZ, see [3, 6.1] . For k = 1 the Galois ring GR(p k , r) is a field, and for r = 1 the Galois ring GR(p k , r) is isomorphic to the ring Z/p k Z. The following description of the multiplicative group of a Galois ring is taken from Theorem 6.1.7 of the book [3] .
Theorem 5.1. Let p be a prime number and k, r be natural numbers. The multiplicative group U (R) of a Galois ring R := GR(p k , r) is isomorphic to:
if either p is odd or p = 2 and k ≤ 2,
The following theorem is our principal tool for evaluating the difference sizes of finite Abelian groups of odd order.
Theorem 5.2. Let R be a finite commutative ring R with unit and (1 + 1) ∈ U (R) and let h : G → R × R be a surjective homomorphism from a group G onto the Abelian group of the ring R × R. Let K = h −1 (0, 0) be the kernel of the homomorphism h. Then
If the ring R is local, then
Proof. First we observe that R = U (R) ∪ I∈Spec(R) I. Indeed, if an element x ∈ R is not invertible, then the set xR = {xy : y ∈ R} is an ideal in R, contained in some maximal ideal I ∈ Spec(R). This implies that R = U (R) ∪ I∈Spec(R) I and hence
Lemma 5.3. The set B = {(x, x 2 ) : x ∈ R} is a difference basis for the set U (R) × R in the additive group R × R.
Proof. Given any pair (a, b) ∈ U (R)×R, we should find two elements x, y ∈ R such that (a, b) = (x−y, x 2 −y 2 ). Solving this system of equations in the ring R, we get the solution
By Lemma 5.3, the set B = {(x, x 2 ) : x ∈ R} is a difference basis for the set
and by Proposition 4.1,
Our next theorem will be applied for evaluating the difference characteristics of Abelian 2-groups. This theorem exploits the structure of a (non)associative ring. By a (non)associative ring we understand an Abelian group R endowed with a binary operation • : R × R → R which is distributive in the sense that x • (y + z) = x • y + x • z and (x + y) • z = x • z + y • z for all x, y, z ∈ R. A (non)associative ring R is called a ring if its binary operation • is associative. In the opposite case R is called a non-associative ring.
For any (non)associative ring R the product R × R, endowed with the binary operation
is a group. The inverse element to (x, y) in this group is (−x, −y + x • x). The product R × R endowed with this group operation will be denoted by R ⋆ R. The group R ⋆ R is commutative if and only if the binary operation • on R is commutative. For a (non)associative ring R let U (R) be the set of all elements a ∈ R such that the map R → R, x → x • a, is bijective. The following theorem was known for semifields, see [9, 4.1] .
Theorem 5.4. For any finite (non)associative ring R the set B = {(x, x • x) : x ∈ R} is a difference basis for the set U (R) × R in the group R ⋆ R.
Proof. Given any pair (a, b) ∈ U (R) × R, we need to find elements x, y ∈ R such that (a, b) = (x, x • x) ⋆ (y, y • y) −1 . The definition of the group operation ⋆ implies that (y, y • y)
Since a ∈ U (R), there exists an element x ∈ R such that x • a = b. Let y = x − a and observe that the pair (x, y) has the required property:
Theorem 5.4 suggests the problem of detecting the structure of the group R ⋆ R for various rings R. For Galois rings GR(p k , r) this problem is answered in the following two theorems.
Theorem 5.5. Let p be a prime number, and k, r be natural numbers. For the Galois ring R := GR(p k , r) the group R ⋆ R is isomorphic to
Proof. First observe that the commutativity of the Galois ring R implies the commutativity of the group R ⋆ R. To determine the structure of the group R ⋆ R we shall calculate the orders of its elements. Let us recall that the order of an element x in an Abelian group G is the smallest number n ∈ N such that nx = 0.
Let us fix an element (x, y) ∈ R × R and evaluate its order in the group R ⋆ R. By induction it can be shown that for every s ∈ N we get (x, y) s = (sx, sy + Next, assume that p = 2. In this case (x, y)
2 ) = (0, 0), which means that each element of the group R ⋆ R has order ≤ 2 k+1 . Observe that (x, y)
, which implies that (x, y) 2 k = (0, 0) if and only if x 2 / ∈ I m = 2R if and only if x ∈ U (R). This means that the 2-group R ⋆ R has exactly |U (R) × R| = (2 kr − 2 (k−1)r )2 kr = 2 (2k−1)r (2 r − 1) elements of order 2 k+1 . Next, for any i ∈ {0, . . . , k}, we calculate the number of elements of order > 2 k−i in R ⋆ R. Observe that an element (x, y) ∈ R ⋆ R has order > 2 k−i if and only if (2
2 ) = (0, 0) if and only if either x / ∈ 2 i R or x ∈ 2 i R and y / ∈ 2 i R. So, the set of elements of order > 2 k−i coincides with
and hence has cardinality
This information is sufficient to detect the isomorphic type of the group R ⋆ R. By [11, 4.2.6] , the Abelian 2-group R ⋆ R is isomorphic to the product
k+1 . Taking into account that the group R ⋆ R contains 2 (2k−1)r (2 r − 1) elements of order 2 k+1 , we conclude that m k+1 = r.
Next, observe that the group H contains exactly
elements of order ≥ 2 k . Taking into account that the group R ⋆ R contains exactly 2 2(k−1)n (2 2r − 1) elements of order ≥ 2 k , we conclude that m k = 0.
The group H contains exactly
elements of order ≥ 2 k−1 . Taking into account that the group R ⋆ R contains exactly 2 (k−2)r (2 4r − 1) elements of order ≥ 2 k−1 , we conclude that m k−1 = r. Taking into account that |C m k+1
= |R ⋆ R|, we conclude that m i = 0 for i < k − 1 and hence the group R ⋆ R is isomorphic to C r 2 k+1 × C r 2 k−1 .
Evaluating the difference characteristics of Abelian p-groups
In this section we shall evaluate the difference characteristics of finite Abelian p-groups for an odd prime number p. We recall that a group G is called a p-group if each element x ∈ G generates a finite cyclic group of order p k for some k ∈ N. A finite group G is a p-group if and only if |G| = p k for some k ∈ N. It is well-known that each Abelian p-group G is isomorphic to the product
The number r of cyclic groups in this decomposition is denoted by r(G) and called the rank of G.
Applying Theorem 5.2 to the Galois ring R := GR(p k , r) and taking into account that its additive group is isomorphic to C r p k and pR coincides with the maximal ideal of R, we get the following corollary.
Corollary 6.1. Let p be an odd prime number, k, r be natural numbers. Let h : G → C 2r p k be a surjective homomorphism and K be its kernel. Then
This corollary implies the following recursive upper bound for difference characteristics of finite Abelian p-groups. Theorem 6.2. Let p be an odd prime number, k 1 , . . . , k m be natural numbers, and k, r be natural numbers such that 2r ≤ m and k ≤ min
The recursive formulas from the preceding theorem will be used in the following upper bound for the difference characteristic of finite Abelian p-group. Theorem 6.3. For any prime number p ≥ 11, any finite Abelian p-group G has difference characteristic
Proof. For a prime number p and a natural number r let Ab Consequently,
Proof. Any group G ∈ Ab r is isomorphic to the product
of natural numbers. Let k = k 1 and m = ⌊ r 2 ⌋. Since k 1 − k = 0, the group
C p k i has rank < r. Applying Theorem 6.2, we conclude that
Lemma 6.4 implies that
and after transformations
In the last inequality we use the upper bound
from Theorem 2.5.
Theorem 6.2 implies:
Corollary 6.5. For any odd prime number p and natural numbers k, n the groups C 2n
Evaluating the difference characteristics of 2-groups
In this section we elaborate tools for evaluating the difference characteristics of 2-groups. The following corollary is a counterpart of Corollary 6.1.
Corollary 7.1. Let k, r be natural numbers. Let h : G → C r 2 k+1 × C r 2 k−1 be a surjective homomorphism and K be its kernel. Then
Proof. Consider the Galois ring R := GR(2 k , r), whose additive group is isomorphic to C k 2 r . Its maximal ideal I m coincides with the subgroup 2R of R, which consists of elements of order ≤ 2 k−1 in R. The subset pR × R of the group R ⋆ R has cardinality 2 (2k−1)r and consists of elements of order ≤ 2 k in R ⋆ R. By Theorem 5.5, the group R ⋆ R is isomorphic to C 
This corollary implies the following recursive upper bound for difference characteristics of finite Abelian 2-groups. Theorem 7.2. Let k 1 , . . . , k m be natural numbers, and k, r be natural numbers such that 2r ≤ m, k + 1 ≤ min
Now we shall evaluate the difference characteristics of the 2-groups C r 2 n . Proposition 7.3. For any n ∈ N the groups C have difference sizes
Proof. The lower bound Proof. Consider the numbers k 1 = · · · = k n = 2 and k n+1 = · · · = k 2n = 1. By Theorem 7.2,
In the last inequality we used the upper bound ð[C 
The results of computer calculations
In Table 3 we present the results of computer calculations of the difference sizes of all non-cyclic Abelian groups G of order 12 ≤ |G| < 96. In this 
